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ABSTRACT

We provide an overview of collective flow phenomena observed in heavy ion
collisions from the Fermi energy range up to CERN Super Proton Synchrotron
(SPS) energies. We summarize the experimental data in terms of the various
observed aspects of flow, namely directed flow in the reaction plane, elliptic flow
in- and out-of-plane, and azimuthally symmetric radial flow originating from
the expansion of the hot and compressed reaction zone. Also reviewed are the
theoretical concepts developed to simulate the complex reactions with the aim of
extracting fundamental properties of hot and compressed nuclear matter.
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1. INTRODUCTION

Two heavy nuclei can be compressed to more than ground-state saturation
density and heated in head-on collisions at high energy. A flow pattern will
develop as the system subsequently expands. In macroscopic classical physics
flow can be described in the language and with the tools of hydrodynamics
(1–3), where one links in a conceptually simple way conservation laws (mass,
momentum, energy) with fundamental properties of the fluid: the equation of
state and transport coefficients, such as viscosity and heat conductivity.

The equation of state (EoS) of nuclear matter, i.e. the relationship specifying
how the pressure, or alternatively the energy per particle, depends on density
and temperature, is of fundamental interest. It is relevant to astrophysical events
and objects such as the big bang, supernovae explosions, and neutron stars. It
is generally accepted that nuclear matter should undergo at least two phase
transitions: the liquid-to-vapor transition at temperatures below 20 MeV and
at low density, and the deconfinement phase transition from hadronic matter
to the quark-gluon plasma at high temperatures (larger than 150 to 200 MeV)
and high energy density (5 to 10 times the ground-state density). One of the
properties characterizing the EoS is the incompressibilityK, which measures the
resistance against compression (stiffness) and is expected to directly influence
flow phenomena.

In 1955 Belenkij and Landau (4) first used a fluid-dynamics model to describe
collisions of nucleons and nuclei. In 1959 Glassgold, Heckrotte, and Watson
(5) considered the shock waves that could be formed when a high-energy proton
or pion exceeding the nuclear speed of sound passes through a nucleus. They
proposed a way to determine the nuclear compressibility coefficient. In the
mid-1970s a number of theoretical papers assumed that hydrodynamics was
governed by the formation of a shock wave (6–11) that most of the studies
found propagating in the longitudinal direction.

The importance oftransverseexpansion was first shown by Scheid, M¨uller,
and Greiner (7) in an ideal-fluid hydrodynamics calculation. For beam energies
as low as 12.5A MeV, it was predicted that in the first 15 fm/c after penetration
the transverse border of the stopped and shocked matter was expanding faster
than the longitudinal border. The authors concluded matter is pushed outwards
perpendicular to the relative motion of the two nuclei (7).

Experimentally, the first convincing evidence for the occurrence of sideward
flow (12, 13) was obtained by so-called 4π detectors, the Streamer Chamber
(14) and the Plastic-Ball/Wall (15) at the Bevalac in Berkeley. These detectors
could fully characterize events by identifying and measuring the momenta of
most of the emitted charged particles. The data (12) could be reproduced in a
theoretical analysis (16) confirming a long series of predictions based on fluid
dynamics (2).
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Meanwhile, the field has grown and spans an energy regime of nearly five
orders of magnitude (about 30AMeV to 200AGeV). A large amount of data has
been accumulated. In this review of flow phenomena we follow a historic path.
The occurrence of sideward flow requires the existence of a reaction plane that
must be accessible to experimental observation (Section 2). So-called directed
flow can be studied within the reaction plane (Section 3) or out of the reaction
plane (Section 4). Besides directed flow there exists an azimuthally symmetric
flow component that we shall term radial flow (Section 5). We have chosen
to treat the high-energy data obtained at BNL/AGS and CERN/SPS separately
(Section 6) and, for reasons of space limitations, rather briefly; related reviews
covering the highest energies have been published very recently in this series
(17–19). The interested reader will also find complementary information in the
most recent Quark Matter proceedings (20).

In general, after presenting some of the available data, we discuss recent
theoretical developments insofar as they are directly connected with flow phe-
nomena. We look at efforts to extract information on the complex dynamics
from these models with the goal of drawing conclusions about the properties of
compressed and/or heated nuclear matter. The validity of hydrodynamics in the
nuclear context was (and still is) a controversial issue (21). The mid-1980s wit-
nessed the advent of sophisticated microscopic transport theoretical approaches
specifically designed to overcome one of the possible shortcomings of fluid
dynamics, the assumption of local equilibration. This assumption should be
unrealistic both in the early (approach) phase of the collision, and in the final
“freeze-out” phase when the nuclear system has expanded well below ground-
state density.

2. THE REACTION PLANE

Observation of directed flow requires that a reference plane—the reaction
plane—exists. We shall use the Cartesian coordinatesx, y, zwith the con-
vention that the unit vector̂z points in the beam direction, whilêx is in the
reaction plane. Historically, the reaction plane was first determined with the
sphericity method (12, 22, 23). For each event the 3× 3 kinetic-flow tensor is
defined separately:

Fi j =
∑
ν

pi (ν)pj (ν)/mν i, j = x, y, z 1.

with pi (ν) being the components of the momentum vector of the individual
particleν andmν being its mass. The sum runs over all particles in the entire
event. The tensor is symmetric by construction and hence is defined by six inde-
pendent numbers. Diagonalization allows the determination of three variables,
usually the three eigenvaluesλ3> λ2> λ1 (which geometrically represent the
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shape of an ellipsoid) and three other angular variables (giving the orientation of
the ellipsoid in space). One of the shape variables is an overall scaling quantity
given by energy conservation (and hence should permit a consistency check in
4π experiments). The angle between the eigenvector ˆe3 associated with the
largest eigenvalueλ3 and the beam axisz is called the flow angle,θ f . The
reaction plane is spanned by ˆe3, the flow axis, and the beam axis. Sometimes
it is useful to rotate the coordinate system around they-axis by the flow angle,
θ f . The new coordinate system agrees with the major axis of the flow ellipsoid
and is denoted byx′, y′, z′ with z′ being the flow axis andy′ = y (see Figure 3
in Reference 24).

Danielewicz and Odyniec (25) have introduced the transverse momentum
method to determine the reaction plane spanned by the vector

EQ =
∑
ν

wν Ept (ν) 2.

and thez (beam) direction. The weightwν is usually chosen to be+1 at
forward center-of-mass rapidities and−1 at backward rapidities, so thatEQ is a
measure for the collective transverse-momentum transfer between the forward
and backward hemispheres. Finite-number and other sources of fluctuations, as
well as experimental cuts and distortions, lead to an uncertainty in the orientation
of EQ. This uncertainty is often estimated with the subevent method (25). The
quality of the reaction-plane determination depends on the number of particles
in the event and on the strength of the flow effects. Some flow observables can
also be obtained with methods that do not requireexplicitdetermination of the
reaction plane and hence avoid the need to correct for finite-number deviations
from the true reaction plane (26).

An alternate way to determine the reaction plane is to perform a high-
precision measurement of the transverse momentum of the heaviest fragment
produced in intermediate-impact-parameter reactions.

Directed-flow effects can also be characterized by the azimuthal distribution
of the emitted particles,d N/d8,

d N/d8 = c(1+ a1 cos(8)+ a2 cos(28)), 3.

where8 is the azimuthal angle relative to the reaction plane. This simple
description takes only number effects into account and does not include the
momenta of the measured particles. The coefficienta1 represents the strength
of the first moment, directed flow in the reaction plane with preferred emission
at 0◦ in the forward hemisphere and 180◦ in the backward hemisphere.a2

measures the strength of the second moment, i.e. it represents a flattening of
the ellipsoid. A positive value results from preferred out-of-plane emission
with maximal emission at 90◦ and 270◦ relative to the reaction plane (see
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Section 4). There is no experimental evidence yet that higher terms need to
be taken into account. If particle emission is studied in the coordinate system
of the flow ellipsoid, the first moment is minimized and the second moment is
maximized.

There is interest in using observables that are both coalescence- (27) and
scale-invariant. Coalescence-invariant observables allow comparison with the-
ories that are limited to making predictions for single-particle observables.
Under certain conditions (28) the evolution in nonviscous hydrodynamics does
not depend on the size of the system nor on the incident energy, if distances
(such as impact parameters) are rescaled (reduced) in terms of a typical size
parameter, such as the nuclear radius. Velocities, momenta and energies are
rescaled in terms of the beam velocities, momenta or energies. Although the
scaling conditions appear to be very restrictive, it is still useful to consider flow
observables that are scale-invariant and thereby try to remove trivial conse-
quences from size and incident velocity variations.

3. IN-PLANE FLOW

3.1 Flow of Nucleons and Clusters
3.1.1 THE DATA Since the unambiguous discovery of sideward flow (12, 13),
a large number of experimental studies have been done (25, 26, 29–56). Most
of the data on directed flow were analyzed with the transverse momentum
method (25). The average transverse momentum per nucleon in the reaction
plane〈px/A〉(y) is plotted as a function of rapidityy. Figure 1 shows the
S-shaped curve characteristic of the collective transverse-momentum transfer.
The sign changes at the pointyc, which for symmetric systems is identical to
the center-of-mass (c.m.) rapidity. By conventionpx is defined to be positive
in the forward hemisphere if repulsive effects are dominant, i.e. if projectile
and target nucleons are predominantly diverted away from each other. The data
are from the EOS Collaboration (52) for protons and alpha particles produced
in Au+Au collisions at 800A MeV. It is obvious that flow effects are larger for
the heavier fragments (36).

The Plastic Ball Collaboration (31) characterized sideflow by the slope of
the curveF = d〈px/A〉/dyn taken near the zero cross-pointyc, whereyn is the
normalized rapidity, defined to be+1 (−1) at projectile (target) rapidity. The
choice of normalized rapidity has the advantage that the rapidity distributions
of the nucleons seem to scale. If one wants to use a scale-invariant observable
for the flow as well, it is better to use the quantityFy = d〈px/A〉/dy with
the unmodified rapidityy. Close toyc the observableFy is within a constant
(the nucleon mass) equivalent toFu = d〈ux〉/duz, whereux,z are four-velocity
components in the c.m. system.
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Figure 1 Average in-plane transverse momentum versus normalized rapidity in the reaction
Au+Au at 800A MeV. The points aty/ybeam< 0 are reflected.

There are alternative (coalescence-invariant) ways to quantify sideflow. The
directivity, D, is a measure for the alignment of particles (34, 57):

D =
∣∣∣∣∑

i

Ai Euti

∣∣∣∣/∑
i

Ai | Euti |. 4.

Here the scaled four-velocityu ≡ (Eu, u4) has been introduced:Eu = Eβγ/βpγp,
where Eβ is the velocity in units ofc, γ = (1− β2)−1/2; u4 = γ /γ p and the
indexp refers to the incident projectile in the center-of-mass system. Another
very useful quantity isFDO (25, 58):

FDO =
∑
j,i 6= j

Ai Euti Aj Eut j

/∑
j,i 6= j

Ai Aj . 5.
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Figure 2 Centrality dependence of the flow variable,FDO.

In experiments where the nuclear charges,Zi , but not the masses,Ai , are
resolved,Ai is usually replaced byZi . Although these global observables are
not all identical, they tend to lead to qualitatively similar trends as a function
of impact parameter, system size, and energy.

Sideflow data are usually presented for intermediate impact parameters,
where the values are largest (31). The most common way of selecting the
impact parameter is by binning the total observed charged particle multiplicity
(59). For zero impact parameter, sideflow must be zero by symmetry. For very
peripheral collisions it is expected to converge to zero as well. In Figure 2 a
typical impact-parameter dependence is shown (48, 60). Here an alternative
selection, varying the global ratio of transverse to longitudinal kinetic ener-
gies (60), has been used, converting cross sections to impact parameters with
a sharp-cut geometrical model. Over a large range of beam energies (48) the
peak is near the scaled impact parameterb̂ = b/bmax= 0.25− 0.30 (3.5–4 fm
for Au+Au).

Figure 3 shows theZ-dependence of sideflow (56) by plotting the equivalent
angle,θs = arctan(Fu), as a function of the charge of the fragment. One notices
a tendency towards saturation asZ > 3 (61). If flow is characterized by a
constant velocity field superimposed on the random thermal motion, the ratio
between flow velocity and random motion becomes very large as the particles
become heavier. Thus the heavy-mass fragment value ofθs converges toward
the flow angle,θ f (56).
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Au+Au 400 A MeV
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Figure 3 Apparent flow angles in Au+Au (400A MeV) as a function of the fragment charge.

Figure 4 gives an overview of flow data for symmetric systems of varying
size as a function of beam energy. Data from the Plastic Ball (62), the EOS
(52, 55), and the FOPI (56) Collaborations are used. Flow values are taken
from intermediate-impact-parameter bins where the values reach a maximum.
With the exception of the FOPI data, which represent the asymptotic values
illustrated in Figure 3, sideflow was determined from particles with charge one
and two. Fy increases as a function of energy up to about 250A MeV. Beyond
400A MeV it decreases again. If calculated with normalized rapidity, the flow
continues to increase (31). Sideflow tends to be smaller for lighter systems, in
contradiction to ideal-fluid dynamics, which predicts constant flow. Flow of
heavier fragments is larger (36); the FOPI values for Au+Au with intermediate-
mass fragments (IMF) are larger by about a factor 1.4 compared to the values
calculated using light fragments (52, 62). Wang et al (53) have applied a simple
coalescence prescription (27) to their data and found that the increase in slope
can be reproduced for the light fragments if a transverse momentum cut of 250
MeV/c is used.

An empirical scaling rule introduced by the EOS Collaboration (55) allows
to compare flow values for symmetric and asymmetric systems of different size.
When the flow valueFy is scaled for the system size,FS = Fy/(A

1/3
1 + A1/3

2 ),
the scaled values plotted as a function of energy all fall in a relatively narrow
band.
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Ni
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Figure 4 Sideflow,Fy, in symmetric systems.

The study of asymmetric systems offers new, more complex information. The
basic geometry, and hence the initial conditions, is different from the symmetric
case. Strictly speaking, one system cannot be reduced to the other by simple
rescaling, even in the ideal-fluid situation.

In asymmetric systems one expects〈px(y)〉 to cross zero at a valuey = yc

that is intermediate between the center-of-mass of the full (compound) system
and that of the nucleon-nucleon system. A precise measurement of the crossing
point should allow determination of the size of the fireball system and of the
effective number of participants. It also should shed light on the mechanism of
stopping. If cross talk between the overlap region and the spectators is large, the
fireball will be larger and the zero-crossing point will be closer to the compound
c.m. Conflicting results are presented in the literature. Beavis et al (44) found
that the number of participants deduced from the zero-crossing point strongly
increased as the incident energy was lowered from 1800A to 400A MeV for
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the reaction Ar+Pb. In contrast, in the reaction Ni+Au (55) the zero-crossing
point was at almost constant normalized rapidity over a comparable energy
range.

One does not expect the function〈px/A〉(y) (the S-shaped curve) to be
symmetric relative to the crossing point in asymmetric systems. There is the
obvious constraint that the rapidity-integrated total momentum transfers on both
sides must cancel. The side with fewer participants will have a larger transverse
momentumon a per-nucleon basis. This explains the relatively large sideward
flow (even after using the size-scaling prescription of Reference 55) found in
the forward (light-projectile) hemisphere (26, 55).

3.1.2 THEORETICAL ANALYSES The search for flow was stimulated by hydro-
dynamic considerations. During the course of the collision, nuclear matter is
compressed and the pressure field buildup leads to flow in the expansion stage
(2). This flow must have a directional component since noncentral collisions
always have a defined reaction plane. Originally it was hoped that the amount
of transverse flow could be directly related to the stiffness of the equation of
state (22).

The dependence of the flow angle,θ f , on the impact parameter,b, the inci-
dent energy, the EoS, and viscosity was studied in the framework of one-fluid
viscous hydrodynamics (63). For a fixed energy, the hydrodynamic flow an-
gle seems to be primarily governed by geometry: forb = bmax it is zero and
increases smoothly to 90◦ for b = 0. The biggest variation between different
EoS and viscosities is just 7◦ aroundb/bmax= 0.2. Fixingb/bmax to be 0.2,θ f

is almost independent on energy (200 to 800A MeV); again, typical variations
with the EoS or viscosity are just about 5◦. The only significant modification of
sideflow in this model concerns the in-plane transverse momenta near target or
projectile rapidity that are found to be influenced by viscosity. It is intuitively
clear that shear viscosity will inhibit cross talk between the almost stopped
fireball and the almost undecelerated spectator parts. Thus, according to this
model, it is not the mid-rapidity slope,Fy, that is instructive, but rather the trans-
verse momenta in the spectator regions! This has not yet been addressed in the
experiments.

In the experiment two things are different: (a) Flow is measured with a finite
thermal resolution that depends on the particle mass. Thermal motion affects
protons much more strongly than the alphas that stay close to the hydro-flow
(63, 64). This explains the experimental observation that the mid-rapidity slope,
Fy, is larger for heavier particles (see Figure 1). However, for light particles
the effect can also be explained within a coalescence picture (53, 65). (b) The
experiment cannot detect the 90◦ flow, predicted atb = 0, with the usual
transverse momentum or sphericity method because the reaction plane accuracy
dramatically decreases asb→ 0.
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As noted earlier, in ideal-fluid hydrodynamics, properly scaled flow observ-
ables are not expected to depend on the size of the system, nor on the incident
energy. It can be seen in Figure 4 that this is in contradiction to the data.
Deviations from scaling can be due to many reasons: nonideal EoS behav-
ior, such as saturation of the temperature at very high incident energies (6), a
phase transition (66), or a change in the freeze-out conditions, possibly due to
a modification of the chemical composition of the fluid. Changes in viscosity
can also cause modifications in flow patterns. An apparent correlation of flow
data with Reynolds number was demonstrated for energies above 150A MeV
(66, 67). The Reynolds number is inversely proportional to the viscosity and
has a length scale implying anA1/3 dependence, as suggested by Chance et al
(55). In elementary kinetics, the viscosity would be inversely proportional to
the nucleon-nucleon scattering cross section,σnn.

Another consequence of finite viscosity is that shock profiles have a finite
width. Using realistic viscosities derived from Uehling-Uhlenbeck equations,
Danielewicz (68) estimated that the widths of shock profiles were about 4.5 fm
at 100AMeV and 1.8 fm at 800AMeV. He concluded that shock phenomena are
not possible below about 100A MeV, while at higher energies a fully developed
shock would require systems with massA ≥ 100. Qualitatively, the decrease
of flow below 150A MeV and the small flow in the Ca+Ca system support this
conclusion.

A theoretical framework that avoids some of the assumptions necessary to
justify the use of fluid dynamics is that of semiclassical transport theories such
as cascade codes (69–72) and Boltzmann-Uehling-Uhlenbeck codes (BUU)
(73–75) or Quantum Molecular Dynamics (QMD) (76). Those codes micro-
scopically describe the evolution from a non-equilibrium configuration into one
that is possibly, but not necessarily, thermal.

Cascade codes simulate the nuclear interaction by a succession of stochastic
scatterings between individual particles with measured cross sections (where
known). They do not include mean-field effects and thus implicitly assume
an EoS that should be close to that of an ideal gas. Even though these codes
show some residual effects, they cannot reproduce the measured flow values
(77). More recently, the intranuclear cascade code ARC (72) reports agreement
with EOS sideward flow data (78). The codes that produce apparently different
results differ in some assumptions they make about the scattering style, i.e. the
treatment of angular momentum (plane) conservation in two-body collisions
and the choice of repulsive versus attractive orbits. While it is important that
such differences among various codes are resolved, it is much more important
for the understanding of nuclear collisions to find out what form the “effective”
equation of state generated by different assumptions might have (79).

In transport codes such as BUU (73, 74) or QMD (76), propagation between
collisions is controlled by the mean field. The mean field or single-particle
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potentialU (ρ, p), is a functional derivative of the interaction energy for the
system, and is directly related to the nuclear matter equation of state. The single-
particle potential has frequently been assumed to take some relatively simple
form, such as the Skyrme parameterization:

U (ρ) = a(ρ/ρo)+ b(ρ/ρo)
σ . 6.

Usually, the parametersa, b, andσ are constrained to fit given properties of
saturating nuclear matter: binding energy per nucleon, saturation density, in-
compressibilityK. In the nuclear physics contextK = R2d2(e/ρ)/d2R, where
the second derivative is taken for constant mass number and entropy ande is the
energy density (the underlying picture is that of the stiffness against a change
of the nuclear radiusR relevant in studies of nuclear breathing modes). For the
incompressibility, two options,K = 200 MeV (“soft,” or S) andK = 380 MeV
(“hard,” or H), are frequently used. Attempts to explain pion-production data
(80, 81) and collective flow (12) with this form ofU (ρ) led to the conclusion
that the equation of state must be very stiff (82, 83) in disagreement with micro-
scopic calculations based on Hamiltonians fit to nucleon-nucleon scattering data
(84), and attempts to deduce the equation of state from supernova simulations
(85).

The parametrization of Equation 6 neglects the momentum dependence of
the real part of the optical nucleon-nucleus potential which is known to be-
come repulsive around 300 MeV and converges toward 30 MeV for very high
nucleon momenta. The effect of the momentum dependence ofU (ρ, p) was
first studied by Gale, Bertsch, and DasGupta (86) and by Aichelin (87) using
phenomenological Ans¨atze and was further developed by Welke et al (88) and
Haddad et al (89). It was found that an equation of state with an incompress-
ibility of about 215 MeV and a reasonableU (ρ, p) could fit then-available data
as well as a stiff equation of state without momentum dependence.

However, mean-field Ans¨atzeU (ρ, p) that reproduce equilibrium proper-
ties of nuclear matter and finite nuclei may well differ in the extreme non-
equilibrium situation that prevails in the earliest phase of heavy-ion collisions.
This might influence later stages, e.g. the maximal density that is reached.
Intuitively, one expects that the momentum dependence is best determined
in reactions with small compression, e.g. in light symmetric systems or in
very asymmetric systems, or in more peripheral collisions. With the momen-
tum dependence fixed, the study of central collisions of heavy symmetric sys-
tems, where higher compressions are achieved, might fix the incompressibility
(75, 90).

With BUU simulations, Pan and Danielewicz (91), using sideward flow data
(F ) from both Plastic Ball [for Nb+Nb (38)] and Diogène [for Ar+Pb (41)]
showed that the hard (H) versus soft-momentum-dependent (SM) ambiguity
could be resolved. They excluded H, primarily because the high-pt data in
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the Diogène experiment required explicit momentum dependence (but were
relatively insensitive to the incompressibility). They also claimed that mea-
sured rapidity distributions required that the in-medium nucleon-nucleon cross
sections,σNN, be larger than 65% of the free scattering cross sections, thus
limiting the freedom to manipulate the flow predictions by varyingσNN. They
concluded that the soft and momentum-dependent version with a nuclear matter
incompressibility,K, in the range of 165–220 MeV best described the data.

The results of Pan and Danielewicz (91) were corroborated by independent
BUU calculations (89, 92). Very recent sideflow data (61, 93), extending to
large impact parameters, also confirm the necessity for momentum-dependent
mean fields.

A better understanding of the momentum dependence of the potentials re-
quires relativistic theories. Relativistic Transport theories (RBUU) (74, 94)
have been developed within the framework of Walecka’s (95) nonlinearσ–ω
model. Here the nucleon-nucleon interaction is described by the exchange of
an attractive scalar meson and a repulsive vector meson. The original version
of the model allows only for a linear energy dependence of the mean field
potential and thus cannot reproduce the experimental nucleon-nucleus optical
potential over a large energy range. Therefore, an extension of theσ–ω model
was necessary to achieve consistency with experiments (96).

In the context of sideflow, some of the results (96, 75) obtained with RBUU
are as follows: The〈px(y)〉 observable seems rather insensitive to any mean-
field variation. This is reminiscent of the conclusions reached from fluid dynam-
ics, discussed above. There is a somewhat higher sensitivity to the directivity
distribution (Equation 4). The generation of the transverse momenta has three
sources of comparable importance: the mean-field potential, which (at 800A
MeV, for example) in a relatively narrow transition zone between compressed
and spectator matter (the shock-profile zone in the language of hydrodynam-
ics) is repulsive, the “cross talk” between spectators and participants due to
collisions in the participant matter (kinetic pressure in hydrodynamics), and the
Fermi motion from spectator nucleons into participant matter.

Although the momentum-dependent potentials (87, 88, 96) all fulfill the con-
dition that they reproduce the energy dependence of the real part of the optical
nucleon-nucleus potential, determined at normal nuclear density, it is not clear
that the extension to other densities contains the correct physics. It is therefore
desirable to try to derive the functionU (ρ, p), as well as the effective in-medium
cross sections, from a more microscopic approach such as deriving theG ma-
trix from a realistic nucleon-nucleon potential by self-consistently solving the
Bethe-Goldstone (nonrelativistic) or the Bethe-Salpeter (relativistic) equation.
These theories, applied to relatively light systems such as Ca+Ca at 400A MeV
(97) and Ar+KCl at 1.8A GeV (98), showed that the mean fields derived from a
G-matrix calculation (both relativistic and nonrelativistic) were more repulsive
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(and hence generated more sideward flow) than comparable phenomenological
mean fields. A study (99) where the mean field was approximately calculated
from local two-Fermi sphere configurations reproduced Au+Au data well at
400A MeV (51).

Since the collisional part of these increasingly complex transport calculations
is as important as the mean-field part for many of the observables, in particular
the sideward flow, it seems necessary to extend the microscopic calculations also
to the cross sections, i.e. the imaginary part of theG-matrix. Finally, sideward
flow is sensitively dependent on surface effects, which are often influenced by
more technical parameters (100–102) in the transport calculations. These need
to be treated realistically, especially for light systems, such as C+C (101).

3.2 Flow of Produced Particles
3.2.1 PIONS Due to their small mass, pions are not expected to show consid-
erable flow effects if flow is represented by a common velocity superimposed
on the thermal motion. On the other hand, pions are subject to absorption and
re-emission. The heavy deltas should show flow behavior very similar to that
of the protons (103, 104).

The correlation between nuclear flow and pion emission was first measured
and analyzed by the Diog`ene Collaboration (105). In Ne collisions with NaF,
Nb, and Pb at 800AMeV the reaction plane has been determined from identified
protons using the transverse-momentum method.〈px〉/A has been determined
as a function of rapidity for charged pions. The astonishing result was that
charged pions show positive〈px〉 values for all rapidities, indicating that they
are preferentially emitted towards the light projectile side, away from the heavy
target. This behavior was interpreted as an absorption of pions in the target
remnant, leading to a preferred emission towards the other side.

In-plane average transverse momenta of pions have been measured for
Au+Au at 1A GeV (106) and 1.15A GeV (107). Qualitatively similar observa-
tions were made in both experiments. For sufficiently high impact parameters
(b> 5 fm) a weak “antiflow” signal was observed for positively charged pions,
i.e. the sign of〈px〉 was opposite that of protons in the same rapidity interval.
For π− the effect is weaker and limited to more peripheral reactions. If the
apparent antiflow is just an absorption effect, central collisions with little or no
spectator matter should show no flow or a small positive flow signal (103, 104).
This has been observed in the data, but the effect is small and the statistics is
marginal. This can be interpreted as a faint remnant of the parent1 flow.

Microscopic transport models for the energy range around 1A GeV generally
assume that pions are produced almost exclusively as decay products of the1

resonance (N + N → 1; 1→ π + N). After its formation the1 as well as
theπ can undergo rescattering (N +1→ N +1, π + N → 1→ π + N)
or the1 can be absorbed again (N + 1 → N + N). In order to be realistic
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such calculations must take into account isospin and Coulomb effects, detailed
balance, and the correct finite resonance life time. Within the BUU model
(108, 104) it was shown that in the Diog`ene reaction (Ne+Pb) virtually no
pion “flow” was produced if both rescattering and absorption effects were shut
off in the calculations, while the full calculation was able to reproduce the
data (105). The EOS data (107) can also be reproduced by BUU calculations
(107–109). Detailed calculations were also done using the VUU (110) and
QMD (103) approaches. The authors selectively deactivated the rescattering
(π+N → 1→ π+N) and the “true absorption” (N+1→ N+N) processes
and concluded that “antiflow” was primarily produced by rescattering.

3.2.2 STRANGE PARTICLES Because of the relatively weak interaction of
kaons with nucleons (10 mb), the measurement of kaons from heavy-ion colli-
sions is considered to be a promising probe of the dense matter formed in the
initial stage of the collisions. Recent theoretical work (111–113) has suggested
that in-plane flow and azimuthal distributions of strange particles may provide
useful information on in-medium properties of these particles.

Figure 5 shows very recent measurements (104) of3 and K+ flow and
compares them to proton flow. Both the EOS Collaboration (115) and the
FOPI Collaboration find that the3 flow follows the nucleons. In contrast,
the K+, which are predominantly produced in association with the3, show
very little flow. Furthermore, little flow was seen forK 0

s and K− mesons in
the same reaction (114), although with less statistical significance. Due to
the theoretical possibility ofK− condensation in dense stellar matter (116),
experimental information for theK− is particularly interesting, but difficult to
obtain at energies below 2A GeV because of the low production cross sections.

Relativistic transport calculations (RBUU) applied to Ni+Ni at 1.9A GeV
suggest the following picture for the3 particles (113): the sideflow of the
“primordial” 3, which they acquire by the Lorentz boost of the parent baryons,
represents only about half the final value. After production each3 undergoes
about 2.5 collisions with nucleons (the3N cross section is rapidly rising below
9.4 GeV/c), increasing the flow by another 20% of the asymptotic value. Finally,
the rest of the flow originates from the attractive3N mean field (related in a
simple constituent quark model to the nucleon mean field).

Systematic studies of in-medium properties of kaons have been carried out
using chiral perturbation theory (117). It was shown that theK + in the nuclear
medium feels both a strong vector repulsion and a slightly weaker scalar at-
traction. Calculations with RBUU (111) shown in the lower panel of Figure 5
suggest that sideward flow is sensitive to the assumed mean-field potential: in
the absence of kaon propagation in a mean field (dashed line), the flow goes with
the nucleons, but if the scalar part of the potential is suppressed (dashed line) a
pronounced “antiflow” is seen. The experimental data seem to be reproduced
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Figure 5 〈px〉/mas a function of scaled rapidity in the reaction Ni+Ni at 1.93AGeV.Upper panel:
protons (open symbols) and lambdas (closed symbols).Lower panel: kaons (closed circles). The
theoretical curves are from Reference 111.

when a more realistic potential is used. Experimental work, including the ex-
tension of the measurements to heavier systems, is needed. Further theoretical
work is needed as well, as a consensus on the influence of rescattering on the
spectra of strange particles has not yet been reached (118).

3.3 Disappearance of Flow
Directed flow disappears at an incident energy, termed the balance energy,Ebal,
(119), where the mean field that is attractive at low energies is compensated
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Figure 6 (a) Sideward flow,F, as a function of incident energy for40Ar+45Sc, after Pak et al
(93); (b) system-mass dependence of the balance energy. The lines suggest anA−1/3 dependence.

by the repulsive action of nucleon-nucleon collisions. The disappearance of
directed transverse flow is now well established by many experiments (93,
120–130).

Figure 6 shows a study (93) where the slope,F (not corrected for finite number
effects), for Li fragments in the reaction40Ar+45Sc atb̂ = 0.39 is followed over
an energy range that is sufficient to establish both the decrease of the attractive
flow and its re-emergence beyond 95A MeV rather well. On the low energy
(attractive) side, the sign of the average emission angle of fast light particles
( p, d, t, α) was determined (131) from the circular polarization of coincident
γ rays (132) emitted from residual nuclei for14N-induced reactions on154Sm
at E/A = 20 and 35 MeV. It was found that the particles were preferentially
emitted tonegativeangles, consistent with the deflection of the particles by the
attractive nuclear mean field.

Several studies (129, 130, 133) concur in observing that the balance energy
seems to be weakly or not at all dependent on the emitted particle type un-
der study. Furthermore, the balance energy was found to depend linearly on
the impact parameter (129, 130). The system-size dependence for an average
b/bmax≈ 0.4 is shown in panel (b) of Figure 6 (119, 120, 124, 128, 129, 133).

With Vlasov-Uehling-Uhlenbeck (VUU) calculations, Molitoris and St¨ocker
(83) had predicted a transition from the attractive regime at 50A MeV to the
repulsive regime at 150A MeV for Nb+Nb (b̂ = 0.24). The question of a
change of sign of〈px〉 was also addressed by Bertsch and coworkers (134).
Their BUU calculations with a Skyrme-type mean field and different (constant)
nucleon-nucleon cross sections,σNN, predicted a balance energy between 60
and 100A MeV for reactions induced byAp = 40 projectiles. They found
that the predictions were influenced more strongly by theσNN values than by

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt

. S
ci

. 1
99

7.
47

:6
63

-7
09

. D
ow

nl
oa

de
d 

fr
om

 a
rj

ou
rn

al
s.

an
nu

al
re

vi
ew

s.
or

g
by

 B
ro

ok
ha

ve
n 

N
at

io
na

l L
ab

or
at

or
y 

on
 1

0/
24

/0
6.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



            
P1: ARS

November 26, 1997 9:42 Annual Reviews AR043-17

680 REISDORF & RITTER

the EoS and concluded that information on the latter could only be gained if
the effectiveσNN were known rather well a priori. Also, the rise ofEbal with
increasing impact parameterb was seen.

Since then many theoretical works concerned with the disappearance of flow
have appeared (101, 119, 135–147). These calculations all confirm the findings
just mentioned.

Around the balance energy,Ebal, the mean field,U (ρ, p), is indeed still
attractive and the compensation of its effect on the mid-rapidity slope,Fy,
is due to the repulsive effect of hard nucleon scattering, i.e.σNN (147). As a
general ruleEbal is lowered by an increase of repulsive effects either due to more
centrality (more hard collisions) or by introducing momentum-dependent mean
fields, which make the mean field more repulsive for high momenta and less
repulsive for low momenta (146, 147). The effect of momentum dependence
is subtle, however, as it leads to smaller densities, which in turn lower the
repulsive effect ofσNN (147). In principle the balance energy can be used to
constrain in-medium effects in this energy range (50–150A MeV) where the
effects of Pauli blocking are large. Overall, the use of in-medium (G-matrix)
cross sections tends to lessen the repulsive effect of the hard collisions (147).

Reproduction of the experimental mass dependence (Figure 6) is not triv-
ial. Following a simple argument (133) to understand the size dependence of
Ebal, the attractive mean field should scale from proximity considerations with
the surface of the two interacting nuclei, i.e. withA2/3, while the repulsive
hard collisions should scale with the overlapping volume, i.e. withA, resulting
in the balance changing withA−1/3. In VUU calculations using the nonlocal
Gogny interaction (137), anA−1/3 dependence ofEbal was extracted. In an-
other calculation (101) without momentum dependence ofU (ρ, p), Ebal was
underpredicted unless lowerσnn (20%) were used, but then the predicted size
dependence was too steep. A fair reproduction of the mass dependence could
be achieved with use of nonrelativisticG-matrix mean fields and cross sections
(147). Clearly further theoretical and experimental work is needed.

Coulomb effects are not negligible and could change the simple size scaling
considerations made before. For very heavy systems, such as Au on Au, efforts
to determine the balance energy (56, 123, 148) so far are inconclusive, since
the balance energy has not been reached experimentally. Extrapolating from
Wilczynski plots for low-energy deep-inelastic collisions, Gobbi et al (149)
argue that sideflow is predominantly repulsive atall intermediate energies for
very heavy systems. Soff et al (146) point out that the nuclear balance energy
for Au+Au (which is predicted to be about 60A MeV for b/bmax = 0.25–0.5)
can only be extracted after removal of the Coulomb rotation in the incoming
and outgoing channels.

Li and Ko (150) predicted within the framework of a BUU calculation that
the balance energy should be higher for more neutron-rich systems primarily
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because the neutron-neutron cross section is about a factor of 3 smaller than
the neutron-proton cross section in the relevant energy regime. A recent com-
parative experimental investigation (151) of sideflow in the systems58Ni+58Ni
and58Fe+58Fe confirmed the isospin dependence of sideflow.

4. OUT-OF-PLANE FLOW

The coefficienta2 in Equation 3 represents a deviation from a spherical shape of
the ellipsoid and defines a second direction of preferred emission. The so-called
squeeze-out has been identified first as such a phenomenon, leading to the term
out-of-plane flow. From geometrical considerations, it is quite obvious that
especially for reactions with intermediate impact parameters, emission out-of-
plane is a much more direct and unobstructed way to radiate particles. Like
sideflow, this is a collective effect and most of the models predicting collective
effects, such as hydrodynamic or modern microscopic models that include
some form of equation of state, predict this mechanism of particle emission
(7, 10, 88, 152, 153).

Out-of-plane flow of nucleons is governed by different processes than the
emission of produced particles (mainly pions). Therefore, the two phenom-
ena are treated separately, with arguments closely following the discussions in
Section 3.2.

4.1 Flow of Nucleons
Squeeze-out has been observed first by the Diog`ene Collaboration in Ne-
induced reactions at 800A MeV (41). The Plastic Ball Collaboration has char-
acterized the effect and performed a systematic analysis in Au+Au reactions
(24, 154). Out-of-plane emission is strongest for reactions at intermediate im-
pact parameters. The effect is most pronounced at mid-rapidity, but extends
quite far towards projectile and target spectators, i.e. emission is not jet-like
(152).

Squeeze-out is interesting as a collective phenomenon that preserves memory
of the early high-density stage of the collision. The ratioRN (24),

RN = d N/d8(90◦)+ d N/d8(−90◦)
d N/d8(0◦)+ d N/d8(180◦)

= 1− a2

1+ a2
, 7.

measures the strength of the effect in a quantitative way. However, it only takes
into account the azimuthal distribution and not the momenta of the emitted
particles.

Figure 7 shows the energy and mass dependence of the squeeze-out ratioRN

measured by the Plastic Ball Collaboration (24). The energy dependence ofRN

was compared with the energy dependence of sideflow (e.g. from Reference 31)
and the question of why out-of-plane emission should have a different energy
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Figure 7 Excitation functions of the squeeze-out ratio for symmetric systems.

dependence from in-plane emission was speculated upon. However, comparing
Figure 7 with Figure 4, the energy dependence has a similar form, since now
in both cases dimensionless quantities are compared. This indicates again that
both forms of flow do not scale as expected from ideal hydrodynamics.

Out-of-plane emission has been measured for a large range of energies from
GANIL (126, 155) up to the highest Bevalac/SIS energies, and for protons and
composite particles as well as for neutrons (156). The onset of the effect can be
observed in Au+Au collisions at 100A MeV (157) where the second moment
with a positive coefficienta2 is seen for central collisions while peripheral colli-
sions clearly show preferred in-plane emission (a2 negative). This is the remnant
of the rotational pattern typical for deep inelastic reactions. Determination of
the reaction plane in a way that minimizes dispersion effects (26) is essential.
This allows a better quantitative measure to be obtained at very large impact
parameters, where other methods to determine the reaction plane diverge (24).
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The KAOS Collaboration (158) has measured out-of-plane emission of pro-
tons and light composite fragments in Bi+Bi reactions at several energies
with a spectrometer and has determined the reaction plane with the transverse-
momentum method with the help of a hodoscope (159), in the spirit of Elaasar
et al (47). This method allows flow measurements to be performed with rela-
tively small effort and without covering the 4π solid angle, but does not allow
the event to be rotated into the flow-tensor coordinate system, where out-of-
plane emission is maximized (24). A strong effect is observed for protons. The
composite fragments show an enhancement of the flow effect that is propor-
tional to the particle mass (36, 148, 160).

A detailed comparison of neutrons and protons shows thatRN is the same for
both particles (50, 156). Thus Coulomb effects do not play a role. Lambrecht
et al also show thatRN is independent of energy (between 400Aand 800AMeV)
for neutrons in a fixed transverse momentum bin where the bin is scaled with
the projectile momentum (50). This indicates that dynamics play an important
role not revealed by the momentum integrated data.

An interesting new look at out-of-plane emission has been developed by
the EOS Collaboration (161). Au+Au reactions at 600A MeV have been ana-
lyzed in the reference frame of the flow ellipsoid. The authors have analyzed
the transverse mass,m⊥, and rapidity,y, distributions of the particles emit-
ted into mid-rapidity (|y| < 0.4) with a model where a radial flow velocity is
superimposed on a locally thermalized velocity distribution (148, 162). The
local temperature parameter,T, and the mean radial-flow velocity,β f , were
free parameters. Instead of fitting the emitted particles globally, as discussed
in Section 5, in this case the spectra have been fitted for particles emitted into
small bins in the azimuthal angle8′ relative to the reaction plane. In Figure 8
the fitted values forβ f andT of A = 2 particles are shown as a function of
emission angle relative to the reaction plane,8′, for three different multiplicity
bins. The lower panels show that for all multiplicities the apparent temperature
is independent of the azimuthal angle, whereas the flow velocity in the top
panel shows a modulation with maxima at 90◦ and 270◦ that can be described
by β(8′) = β0 − 1β cos(28′). The KAOS Collaboration has performed a
similar analysis (158).

The data suggest an interesting interpretation. Mid-rapidity emission occurs
from a source with a constant apparent temperature. The out-of-plane emission
shows a larger flow velocity since this is the direction where spectator remnants
do not hinder the emission, hence the term in-plane retardation chosen by
Wang et al (161). A larger flow velocity out-of-plane also could explain why
the squeeze-out effect depends on the transverse momentum or the transverse
mass of the emitted particles (50, 158, 163, 164). Wang et al also showed that
coalescence can account for the increase ofRN with fragment mass.
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Figure 8 Values for the expansion velocity,β, and the temperature parameter,T, obtained from
fits of theA = 2 spectra to the blast wave model as a function of the emission angle relative to the
reaction plane,8′. The data for8′ > 90◦ were generated using reflection symmetry.

Theoretically, the most interesting feature is that the squeeze-out ratio appears
to be very sensitive to some of the parameters of the equation of state. This was
demonstrated by Hartnack et al (165, 166). A comparison of the 400A MeV
Plastic Ball data (154) with QMD calculations shows that the data favor a soft
equation of state. The difference inRN is up to 25% for soft and hard equations
of state, respectively. In addition, Hartnack et al demonstrate that out-of-plane
emission is a collective effect that depends linearly on the mass of the colliding
system. The EOS study (161) also confirms that the effect is sensitive to the
EoS. In this case, comparison to QMD calculations (76, 167) shows that1β,
the variation of the flow velocity with the emission angle relative to the reaction
plane, is most sensitive toK and that a hard EoS seems to better reproduce the
600A MeV data. However, overall agreement between data and models is not
yet good enough and systematic enough to come to a firm conclusion (161).
The apparent contradictions between different comparisons as far as the EoS
is concerned could be an effect of energy dependence. This is supported by
equally weak evidence in Reference 52.

The Miniball data (157) at 100, 200, and 400AMeV can be reproduced best by
BUU calculations (168) with reduced in-medium cross sectionsσNN = 0.8σfree,
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but the dependence onK is not conclusive, partly for experimental reasons
and because momentum-independent interactions were used. The BUU cal-
culations also reproduce the transition from in-plane to out-of-plane preferred
emission as a function of impact parameter. Cascade calculations do not re-
produce the data. The energy dependence is wrong and at 250 and 400A MeV
RN is too small, in agreement with earlier findings that the intranuclear cascade
does not show enough flow (77).

Danielewicz (168) has associated the sensitivity of the out-of-plane flow sig-
nal to the EoS semiquantitatively with a delay in the start of the longitudinal
expansion compared to transverse (7). This delay was directly connected with
the velocity of sound in the heated and compressed matter, which is larger for
a harder EoS. Viscosity also influences this delay as it determines the width of
the shock profile. This interpretation, in line with Wang et al (161), implies a
purelydynamicorigin of the effect. A different or additional explanation could
be shadowing (see next section) caused by the presence of cold spectator matter.
It was proposed (168) to resolve this ambiguity by studying azimuthal distribu-
tions in planes with different orientations with respect to spectator pieces. An
alternative is to select very central (spectator-free) collisions and to studypolar
angular dependences of yields, spectral shapes, and kinetic energies. If dynam-
ics is dominant, squeeze-out should lead to 90◦ (polar, azimuthally symmetric)
peaking. A dramatic effect of this kind has not been seen so far (60, 148, 169).

4.2 Flow of Produced Particles
Recent experiments at GSI have shown an enhanced out-of-plane emission of
charged (159, 170) and neutral pions (164, 171). Theπ0 were observed with
the TAPS photon spectrometer (172) and a forward wall was used to determine
the reaction plane. In 1A GeV Au+Au reactions (164), ratios ofRN = 9
could be observed with an extreme momentum cut of 1 GeV/c. A dramatic
effect on the pion spectra was measured as well. Figure 9 shows representative
data for the ratioRN (corrected for finite number fluctuations). These data
were obtained by the KAOS Collaboration (170) using a spectrometer (173)
for Bi+Bi at 400, 700 and 1000A MeV. An intermediate impact parameter
was selected via cuts on the multiplicity distribution for charged particles in the
laboratory polar angle range of 12 to 48◦. Again, the out-of-plane enhancement
rises with the transverse momentum,pt . We have performed a least-squares fit
with a quadratic dependence to the data at 700A MeV and then made a scaling
prediction for the lower and higher energies (solid lines in Figure 9). One can
see that scaling holds, except at the highest incident energy where the highpt

data level off forpt > 400 MeV/c.
The KAOS Collaboration showed as well that there was no significant dif-

ference betweenπ+ andπ− (170), that there was only a weak hint that the
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 400A MeV
 700A MeV
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Figure 9 Ratio RN for pions as a function of the transverse momentum in the reaction Bi+Bi at
400, 700 and 1000A MeV. The lines are explained in the text. After Brill et al (170).

squeeze-out was larger for more peripheral collisions, and that the effect was
comparable in size to that found for the protons (158),if one compares the data
at the same kinetic energy, rather than at the samept .

Microscopic model calculations of the azimuthal distributions of pions have
been performed in the framework of BUU (104, 108, 174) and of QMD (103,
110, 163). As was discussed in connection with the in-plane asymmetries
(Section 3.2), the transport theoretical investigations suggest that the apparent
pion “flow” is less dynamical in origin (i.e. caused by pressure gradients), but
rather is correlated with rescatterings and absorption on spectator matter. Cal-
culations for 1A GeV correctly predict an out-of-plane effect for semi-central
reactions (104, 163), but the BUU calculation (104) strongly underestimates
RN at all pt values, while the QMD model (163) predicts strong Coulomb ef-
fects, not seen so clearly in the experimentalRN ratios (170), but seen in the
pion spectra (175). According to Bass et al (163), theπ+ undergo an enhanced
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repulsive out-of-plane push relative to their negative counterparts. In contrast to
“squeeze-out” of baryonic matter, the out-of-plane enhancement of pion emis-
sion is predicted to growmonotonicallywith impact parameter (calculations
up to b/bmax = 0.7 were presented in References 104, 163), again suggest-
ing the importance of spectator matter. More high-statistics experimental data
are required to test this prediction. A potentially interesting finding (163) is
the predicted influence of the mean nucleon field, including its momentum
dependence, on the details of the pionic out-of-plane emission, such as the
impact-parameter dependence. In general one can conclude that a fully quan-
titative description of the present data has not been achieved and that more
systematic data (including peripheral collisions) are needed.

5. RADIAL FLOW

5.1 The Data
Experimental evidence for the existence of radial flow is based on two phe-
nomena observed incentralcollisions: (a) kinetic energy spectra of identified
particles that do not show the characteristic Boltzmann-like shape expected for
thermal emission, but rather a shoulder arm (176), and (b) a quasilinear de-
pendence of the average kinetic energy on the mass or charge of the emitted
fragment. Both these features are incompatible with the thermal model, where
all emitted particles should have the same average energy.

It is common for radial-flow analyses either to achieve excellent centrality
(less than 2% of the geometric cross section) or to limit the data to 90◦ in the c.m.,
where contamination from directed flow is small. The full three-dimensional
topology of the events in velocity space needs to be carefully inspected in order
to see if a well-defined source exists that would justify applying concepts of
radially expanding matter. In addition, it is important to establish the size of
the source and the relative importance of transverse and longitudinal flow.

Au+Au collisions have been investigated over a large energy range (60, 148,
160, 177–180). In particular, the EOS Collaboration (148) has measured energy
spectra of isotope-separated charge one and two particles emitted around 90◦ in
the c.m. without a transverse-momentum cutoff (181). Radial flow in central
collisions was studied with the blast-wave formalism (162). In this model, the
energy distribution in the center of mass for particles emitted from a thermally
equilibrated, radially expanding source (characterized by a temperature,T, and
a mean radial flow velocity,β f) is given by the functional form (162)

d N

d Ed�
∼ pe−γ f E/T

{
sinhα

α
(γ f E + T)− T coshα

}
, 8.

whereE andp are the total energy and momentum of the particle in the center
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of mass,γ f = (1− β2
f )
−1/2, andα = γ f β f p/T . The concept of a single flow

velocity is quite simplistic, but it provides a useful way to parametrize the data
and identify important components in the decay of the excited system. The
parametersT andβ f have been extracted by fitting Equation 8 to the energy
spectra measured atθcm = 90◦ ± 15◦.

Figure 10 shows kinetic-energy spectra for protons, deuterons, tritons,3He,
andα particles for the reaction Au+Au at 1.0A GeV. The data (circles) are
from the most central events as selected by the charged particle multiplicity.
Also shown are fits with Equation 8. Solid lines indicate a simultaneous fit
to all spectra, excluding the protons, by varyingβ f andT. A good overall fit
is obtained, with aχ2/ν on the order of unity. Dashed lines represent the
fits for a purely thermal model, that isβ f = 0. The spectra are not as well
reproduced, especially for the heavier fragments. Such behavior is observed at

Figure 10 Energy spectra for light fragments emitted intoθcm = 90◦ ± 15◦. Fits with a radially
expanding thermal source (solid lines), and a purely thermal source (dashed lines) are also shown.
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all bombarding energies. The deduced collective radial flow is quite high: for
alpha particles (deuterons) it represents 60% (45%) of their kinetic energy.

When spectra for a given fragment type (d, t, 3He, α) are fitted individu-
ally, the extracted temperature and flow values are consistent with the values
obtained by the simultaneous fit to all particle types. However, fit parameters
for the protons deviate from the parameters for the heavier fragments. At all
bombarding energies, proton spectra consistently yield a lower temperature and
a larger flow parameter. This can be qualitatively understood (148) in terms of
distortions of the proton spectrum due to baryonic (e.g.1) and nuclear (e.g.5Li)
resonance decay.

For sufficiently central collisions, the analysis of the EOS data showed also
that the flow measured at 90◦ in the center-of-mass system has the same value at
other c.m. angles, i.e. that the flow has a radial shape. As shown in Section 4,
the method could also be extended to intermediate impact parameters provided
the analysis is done in the flow-axis system.

For a more limited energy range (100 to 250A MeV) isotope-separated light
particle (Z = 1–2) spectra at 90◦ c.m. have also been analyzed by the FOPI
Collaboration (178). The nuclear flow (see below) was deduced primarily from
the mass dependence of the average kinetic energies of the hydrogen isotopes
(p, d, t). To compare with the EOS data, an estimate of the Coulomb flow
(common to the three hydrogen isotopes) must be added.

Taking advantage of the high sensitivity of intermediate-mass fragments
(IMF, Z > 2) to flow, the FOPI Collaboration has made detailed investiga-
tions of IMF spectra and yields at 150, 250 and 400A MeV incident energies
(160, 179, 60). For these fragments the masses were derived from the measured
charges assumingA = 2Z. Very central events (about 1% of the geometrical
cross section) were selected by requiring both high transverse energies and low
directivity (Equation 4). The topology of these events is isotropic within about
20% (60, 169). Figure 11 shows the mean kinetic energy per fragment〈Ekin〉
as a function of the fragment mass for the example of Au+Au collisions at
250A MeV (60, 179). The strictly linear increase of the mean kinetic energy
as a function of mass has been taken as the first convincing evidence for the
existence of large (radial) collective flow (160).

The data for the full measured phase space (excluding charge one particles)
were analyzed with a radial expansion model (60) that assumes a common
freeze-out temperature as was done in the EOS analysis (148). The total col-
lective (flow) energy and thermal energy (and hence the temperature) were
constrained by energy conservation. For the flow a more general Ansatz was
used in the sense that a weighted integral

∫
8(β f )n(β f )β

2
f dβ f over spectra

8(β f ) of the type represented by Equation 8 was allowed for. In Figure 12
the rapidity distributions of heavy fragments (with a scaled transverse four-
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Figure 11 Average kinetic energy as function of mass in the polar angle range 25− 45◦ for
Au+Au at 250A MeV. The line represents a fit to the full measured phase space with a radial
expansion model using Woods-Saxon flow velocity profiles.

velocity cutut < 0.6) are shown to be sensitive to the assumed shape of the
flow velocity profilen(β f ). Both aδ-function profile, or “shell” (i.e. a sin-
gle flow velocity, Equation 8) and a “box” profile [i.e.n(β f ) is constant for
β f < β f max and zero otherwise] fail to accurately follow the data. The latter are
reproduced only if the sharp cut-off (Box) assumption is released by allowing
for a diffuse Woods-Saxon (WS) distribution (see Reference 60 for details). In
the analysis it was found that only heavy (IMF) fragments were sensitive to
details of the flow profile. More complex flow profiles tend to require smaller
temperatures and hence allow higher radial flow by energy conservation, which
was used as a constraint in the analysis (60). However, the flow profile does
not enter into the analysis if average kinetic energies as a function of mass are
available, provided the one-temperature concept can be used (60, 178). The
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Figure 12 Measured rapidity distributions of fragments with nuclear chargeZ= 5 or 6 in central
Au+Au collisions at 250A MeV. The data (symbols) are compared with global fits using the blast
model with flow profiles shell, box, and WS. A scaled transverse 4-velocity cutut< 0.6 was made.

solid line for the average kinetic energies in Figure 11 was obtained with the
WS flow profile that also reproduces theshapesof the spectra. From the anal-
ysis in Reference 60 it was found that the total flow energy represents about
60% of the available outgoing total kinetic energy.

The compounded data for average radial-flow velocities, extending from
100A MeV all the way up to 1150A MeV, are plotted in Figure 13. The data,
based primarily on the analysis of heavier-mass fragments (IMF) (60, 177), are
joined by a smooth curve that has been obtained by a linear fit of the associated
collectiveenergiesas a function of the incident energy. The figure also contains
a horizontal band reflecting the (model-dependent) estimate of radial flow for a
pure Coulomb explosion. Where a comparison is possible, i.e. at beam energies
≤400A MeV, the flow values obtained from light charged particles (LCP) are
lower. As noted earlier, this may be a consequence of the more complex flow
profiles used in the analyses (60) of the heavy cluster data or, alternatively, may
result from the influence of sequential decay on the spectra.

An increasing set of data now exists for energies close to or below 100AMeV.
Possible system-size dependencies and the quest for the mechanism that causes
the onset of radial flow are at the center of interest here. These data are difficult
to present in a common frame. As before, analyses tend to separate out a thermal
and a collective component. Beyond that, many authors try to subtract with
the help of event simulations the “Coulomb” flow, (EC

f orβC
f ), which becomes

at low energy an important background to the more interesting “nuclear” flow
(flow beyond Coulomb) (EN

f or βN
f ). Another complication, clearly evident in

most of these lower-energy data, is the fact that the kinetic energy rises with

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt

. S
ci

. 1
99

7.
47

:6
63

-7
09

. D
ow

nl
oa

de
d 

fr
om

 a
rj

ou
rn

al
s.

an
nu

al
re

vi
ew

s.
or

g
by

 B
ro

ok
ha

ve
n 

N
at

io
na

l L
ab

or
at

or
y 

on
 1

0/
24

/0
6.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



             
P1: ARS

November 26, 1997 9:42 Annual Reviews AR043-17

692 REISDORF & RITTER

 EOS LCP
 FOPI IMF
 FOPI LCP
 Hsi94

Coul

102 103

Beam Energy (A MeV)

0.1

0.2

0.3

0.4
<β

f>

Figure 13 Excitation function of the radial flow velocity for Au+Au.

fragment size only for relatively light fragments, but then tends to decrease
again for heavier fragments (177, 182). Finally, a third complication, which is
of increasing importance as the energy and the system size are lowered, is the
fact that the velocity space topology even for very central events shows rather
strong deviations from sphericity.

Steckmeyer et al (183), studying the64Zr+Ti reaction in the energy range
of 35 to 79A MeV, identified a fast “quasiprojectile” source even in the most
central collisions (b/bmax < 0.22). A maximum excitation energy of 12AMeV
(at 79A MeV incident energy) was determined with a caloric method. Then,
looking at the average kinetic energies of fragments withZ = 2–9in the frame
of the quasiprojectile, where the topology was found to be isotropic, a radial
flow of (2.3 ± 0.4)A MeV beyond the Coulomb flow was extracted.

A very similar analysis (184) was performed on36Ar+27Al collisions between
55 and 95A MeV. The extra radial flow was found to gradually decrease to zero
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as the excitation energy reaches values between 5 and 6A MeV, which could be
interpreted as threshold value for thermally-induced expansive flow.

With inverse kinematics the fragmentation of the heavy projectile spectator
of Au+C reactions at 1A GeV has been investigated (185). The total trans-
verse kinetic energy of the emitted fragments (after separating fragments from
the prompt stage of the reaction) is separated into a thermal, a Coulomb, and
a collective component. In this case the temperature is determined from the
yield of light isotopes (186). For events with very low multiplicity (low tem-
perature) the collective component is very small, but it increases with fragment
multiplicity and reaches up to 50% of the total available energy. It should be
mentioned that such an interpretation is not unique and that the effects are very
small. Compression is very unlikely to be the cause of this type of collective
expansion; it looks as if thermal pressure is creating the collective motion.

Pak et al (187) studiedtransversekinetic energies,Ekt, as a function of angle
and impact parameter for40Ar+45Sc at 35 to 115A MeV. The authors deduced
a nuclear flow energy of about 7A MeV for 9Be fragments at 115A MeV, which
would be compatible with the Au+Au data, although the system here is much
smaller. No detailed discussion of the topology was done, but the data indicate
that the transverse energies at angles other than 90◦ were substantially lower
(by about half) than expected from spherical expansion.

Emulsion studies (188–190), which were among the first to give evidence
for radial flow, were devoted to reactions induced by12C, 16O, 36Ar and 84Kr
on AgBr emulsions at incident energies of 60 to 220A MeV. Central collisions
were selected via multiplicity and with use of a flow-tensor analysis. Studying
average kinetic energies as a function ofZ f , Barz et al (188) found a flat trend
for 16O induced reactions at (20± 10)A MeV, while they extracted a value
E f = 3.2A MeV for 36Ar+AgBr at (65± 15)A MeV andZ f = 1 to 13.

Heuer et al (191) have derived a radial flow energyEN
f = 3.5A MeV for

the system32S+27Al at 37.5A MeV. The value found for the flow energy would
correspond to 38% of the c.m. energy. Radial flow was determined by requiring
the simulation to reproduce the measured two-fragment correlation function
and the distribution of the squared momenta of the heaviest fragment (typically
Z f = 8) while accounting for the total available energy.

Very recent data obtained at the GANIL accelerator have been summarized
by Borderie (192). Briefly, a radial flow,E f , growing from about 0.5 to 2A
MeV, was extracted from central collisions of129Xe+119Sn (182) when the
incident energy was varied from 32 to 50AMeV. Together with the reconstructed
apparent excitation energies, this would set the threshold for the phenomena
between 5 and 6A MeV, in agreement with Jeong et al (184) for a much lighter
system. Values ofEN

f close to 1A MeV were shown in the survey (192) for
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Pb+Au at 29 and Gd+U at 36AMeV. Virtually no extra flow was seen in Ar+Ni
at 55A MeV, in apparent contradiction to other work (130, 183, 184, 191).

Data for Au on Au at 35A MeV are available (180). The analysis with the
statistical multifragmentation model (193) yielded no flow or a flow of 0.8A
MeV, depending on the assumptions made.

Despite some inconsistencies in the data it can be concluded that radial flow
beyond the Coulomb flow starts to be seen around 5 to 6A MeV excitation.
It has a rather small system size dependence if quantized in flow energyper
nucleon.

5.2 Theoretical Considerations
In the fireball model (194, 195), breakup of the hot equilibrated system into a
free-streaming system occurs immediately after its formation. Hence, in this
model the emitted particles are expected to exhibit a purely thermal distribu-
tion. Siemens and Rasmussen (162) pointed out that the observed shapes of
proton and pion spectra in central reactions of Ar+KCl at 800A MeV were not
compatible with this assumption and introduced the so-called blast-wave pic-
ture, in which it was assumed that an isotropic hydrodynamical expansion that
converted part of the initial thermal energy into radial flow took place before
the final breakup. Assuming a single breakup flow velocity and temperature,
they could reproduce the spectra, in particular the bending of the proton cross
sections for c.m. energies below 200A MeV. In the model, the phenomenon of
convex or shoulder-arm spectra is expected to be most pronounced if the ratio
of the flow energy to the thermal energy at freeze-out is high. This model was
also used in the analysis of the EoS data (148) (see Figure 10).

A calculation of the spherical expansion within the framework of relativistic
hydrodynamics (196) shows that while the constant temperature assumption
is justifiable, the flow velocity is not constant. Rather, it increases nearly
linearly with the breakup radius. Besides the initial conditions of density and
temperature (fixed by the Rankine-Hugoniot equation) the breakup and flow
were shown to be also influenced by viscosity. In this calculation, however,
the bending of the proton spectrum could not be reproduced because the low
flow velocities for the central fluid elements tended to fill up the low-energy
part of the spectrum. It was speculated that in the data this part was depleted
by enhanced formation of heavier clusters in the central region. In the model,
fluid elements that reach a given breakup density (chosen to be 0.75ρ0) while
the system expands are switched to free streaming, and cease to participate
actively (196). The process starts in the surface region that reaches the breakup
condition earliest and as time elapses it gradually reaches the central elements.

Near-constant temperature at freeze-out (196) lends some justification to the
many experimental analyses using the one-temperature assumption. If one

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt

. S
ci

. 1
99

7.
47

:6
63

-7
09

. D
ow

nl
oa

de
d 

fr
om

 a
rj

ou
rn

al
s.

an
nu

al
re

vi
ew

s.
or

g
by

 B
ro

ok
ha

ve
n 

N
at

io
na

l L
ab

or
at

or
y 

on
 1

0/
24

/0
6.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



        
P1: ARS

November 26, 1997 9:42 Annual Reviews AR043-17

HEAVY-ION COLLISIONS 695

subtracts the collective energy from the available energy and interprets the re-
maining energy as thermal energy, as implied by the radial expansion model,
one can make an important check on the assumption of chemical equilibrium
at freeze-out using statistical models (193, 197, 198). An assumption is that the
flow has no back-influence on particle formation or production other than by
removing locally available energy. For large flow velocities this assumption
may be unrealistic (199). The production of heavy clustersZ > 5 in Au+Au
collisions is severely underestimated when such statistical concepts are applied
(60). To what degree this is a genuine nonequilibrium effect, or just a failure of
the (low-density) statistical models to correctly describe the clusterization prob-
ability, needs to be clarified. Similar difficulties in simultaneously accounting
for the energies and yields of thelight particles (Au+Au 100–250A MeV) were
encountered elsewhere (178). A consistent check of the chemical equilibrium
hypothesis (under the constraints of the flow information and energy conserva-
tion) at the higher end of the SIS/Bevalac energy range (0.6–2.0A GeV) has yet
to be done (see Section 6 for AGS and CERN energies). It is however clear that
radial flow and the thermo-chemical model are strongly connected. As pointed
out in a detailed theoretical study (168), the presence of collective flow is highly
relevant in attempts to understand pion production quantitatively, requiring at
least partial reassessment of earlier attempts (200, 81) to directly connect pion
yields to the EoS.

Historically, earlier work by Bondorf et al (201) studying the isotropic ex-
pansion of an ideal gas into vacuum made use of self-similar solutions to the
problem in which the local flow velocity,β f , exactly follows the Hubble-like
relation

β f = Hr, 9.

at all times and in which all observables (density, temperature, entropy, pressure,
flow energy, etc.) are functions of the scaled radiusr/R whereR is the time-
dependent outer radius of the expanding system. Such self-similar solutions
require certain initial conditions, however.

The basic concepts of the model (201) were applied to Au+Au data at 250A
MeV (179). With three adjustable parameters (essentially the initial central
density, a density profile shape parameter (201), and a variable freeze-out con-
dition) a good account of the kinetic energies of fragments withZ = 2–6 could
be made. The local freeze-out temperatures were used as input for a statistical
multifragmentation model (198). ForZ = 1–6 the yields (adjusted atZ = 4)
could be reproduced within a factor of 2 to 3. However, post-explosion decay,
which strongly modifies the ratios forZ = 1 to Z > 5 clusters (60), was not
taken into account. An interesting feature was that the initial configuration as
constrained by the fit to the data tended to have smaller specific entropy in the
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central region, as opposed to the surface region, leading (as the expansion is
isentropic for each fluid cell) to heavier fragments being formed deeper inside
(and later) and hence having somewhat less flow energy than light particles. In
the data, this effect is increasingly important at energies≤100AMeV (177, 182).
More naively, one may argue that heavier fragments must be formed further
inside for geometrical reasons.

It is instructive to make a simple estimate of the maximum achievable den-
sity and pressure by solving the relativistic Rankine-Hugoniot-Taub (RHT)
equation:

W2−W2
0 = P

(
W0

ρ0
− W

ρ

)
, 10.

where

W = W0+Wc +WT

P = Pc + PT

Pc = ρ2 dWc

dρ

PT = αρWT .

The energy per nucleonW contains besides the ground state energyW0, the
compressional energyWc (“cold EoS”) and the thermal energy (“thermal” EoS)
to which correspond, respectively, the compressional (“mean field”) pressure
Pc and the thermal (“kinetic”) pressurePT . For a nonrelativistic noninteracting
Fermi gas the coefficientα = 2/3.

Figure 14 shows the resulting density achieved in the stopped (shocked)
matter for different cold EoS, each in combination with the noninteracting Fermi
gas for the thermal EoS. The curves marked S (soft) and H (hard) correspond
to two EoS frequently used in QMD (76) and BUU (73) calculations. The
“cold” compression energy needed to achieve twice saturation density,K2, is
10A MeV for S, 22.4A MeV for H. For reference the pure Fermi-gas case,
FG, with K2 = 0 (supersoft), is also shown. Remarkably, this maximum
density rises fastest at relatively low density, reaching values of 2ρ0 already
around 100A MeV (200A MeV) for the soft (hard) case.

Figure 14 also shows the ratio of total pressure to available energy. The
differences, when varying the EoS, are not dramatic as has been discussed
by Stöcker, Gyulassy, and Boguta (202), where it was concluded that a very
high accuracy of flow and entropy measurements would be needed to deduce
information on the cold EoS. It turns out that for a given incident energy, the
conservation laws (energy, momentum, mass) that are the basis of the RHT
equation severely limit thetotal pressure achieved. The small change of the
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Figure 14 Rankine-Hugoniot-Taub shocks. The dependence on the incident energy is plotted for
a Fermi gas (FG), a soft (S), and a hard (H) EoS. (a) Number density in the stopped zone; (b) ratio
of pressure to c.o.m. energy; (c) ratio of compressional to thermal pressures.

total pressure withK2 might explain the relative insensitivity of radial flow
found in microscopic calculations (60, 148, 203) at energies beyond 200AMeV.

Rather low incident energies were proposed to study the cold EoS (202).
Indeed, a dramatic violation of the scaling properties occurs below 150A MeV.
The Fermi gas pressure scales over the full energy range to within about 10%.
The relative dynamical importance (at the beginning of the decompression) of
cold versus thermal EoS, quantized by the ratio of corresponding pressures,
is suggested in panel (c) of Figure 14: therelativecompressional pressure is
most important at low energies. Unfortunately, at these energies theabsolute
compression (energy) is also lowest.

In general it seems that the maximum densities predicted in microscopic
transport calculations are systematically lower than the estimates from RHT,
aside from the fact that they are only achieved for a brief time in a fraction of

A
nn

u.
 R

ev
. N

uc
l. 

Pa
rt

. S
ci

. 1
99

7.
47

:6
63

-7
09

. D
ow

nl
oa

de
d 

fr
om

 a
rj

ou
rn

al
s.

an
nu

al
re

vi
ew

s.
or

g
by

 B
ro

ok
ha

ve
n 

N
at

io
na

l L
ab

or
at

or
y 

on
 1

0/
24

/0
6.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



           
P1: ARS

November 26, 1997 9:42 Annual Reviews AR043-17

698 REISDORF & RITTER

the colliding system (168, 204–207). As a consequence, the possible connec-
tion between radial flow and the cold EoS should be weakened. One of the
reasons for the lower densities may lie in partial thermalization at the time of
maximal compression (204–207). In general, strongly momentum-dependent
mean fields lead to a further lowering of the maximum density due to increased
sideways deflection in the early stages of the collisions.

Concerning the observed onset of radial flow phenomena in systems excited
to about 6A MeV (184, 192), it is unlikely that shock phenomena are respon-
sible for this observation, although the condition that the projectile velocity be
higher than the velocity of soundcs is already fulfilled at rather low incident en-
ergies. Using the relationcs =

√
K/9mn one obtains 10 to 20A MeV for K =

180–360 MeV. It was shown that Pauli blocking effectively leads (for Au+Au
at 200A MeV) to an increase of the mean free path of the nucleons from about 1
to 2.5 fm (206), a value that might be increased further if in-medium modifica-
tions (Pauli blocking of intermediate states) are taken into account (208). The
blocking effect is likely to be even larger at still lower energy. The resulting
large viscosity will tend to lead to delocalized shock fronts (68) or even to partial
transparency. Antisymmetrized transport theory (209, 210) might be necessary
to settle the question of viscosity at low energies. It appears that the onset
of radial flow is more likely due to thermal pressure rather than compression-
induced mean-field gradients. Further investigations appear necessary to reach
a more definite conclusion. Determining nuclear viscosity via stopping studies
is an important goal and prerequisite to understanding radial flow: viscosity
limits the maximal density and influences the freeze-out condition.

6. AGS AND CERN ENERGIES

6.1 Directed Flow
Data are less abundant at AGS and CERN energies. At Bevalac/SIS energies,
directed flow is a relatively small effect (energy in directed motion compared to
the center-of-mass motion), i.e. the flow angle is small. Only specially designed
experiments have a chance to measure such an effect. From the beginning of
the CERN program, WA80 (211) [with the Plastic Ball (15) covering the target
rapidity region], has had an azimuthally symmetric setup that is potentially
capable of detecting directed flow. At the AGS experiment E814 (212) was
built up to include two different calorimeters covering the participant and the
target regions.

Directed flow at the AGS was first observed by the E877 Collaboration (213)
in Au+Au collisions at 10A GeV. The experiment has nearly 4π calorimet-
ric coverage. Directed flow could be identified by using a Fourier-expansion
analysis of azimuthal distributions (214, 215) (analogous to Equation 3). An
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azimuthal anisotropy anticorrelated in the forward and backward hemispheres
and most pronounced at intermediate impact parameters could be clearly mea-
sured. The signal disappears for very peripheral and central collisions. In
addition to the existence of a strong first moment, at mid-rapidity a nonzero
second moment can be observed, but contrary to the squeeze-out at lower en-
ergies (154), the effect is in the reaction plane.

The same collaboration later succeeded in measuring the directed flow more
precisely by adding silicon counters to the E877 setup (216) to measure the
charged particle multiplicity. By combining the calorimetric and multiplicity
information, the collaboration could separate between flow of nucleons and
pions for an intermediate multiplicity bin (217). Pions show the shadowing
effect, whereas a strong signal for the proton flow could be determined. If
calculated with normalized rapidity, the slope has about the same value in
this experiment as at 2A GeV. Given the rather indirect way this value was
determined, it will be interesting to see how it will compare to the excitation
function being measured by E895. Figure 15 shows how the new data point
compares to the values measured at lower energy. The figure documents the rise
and fall of sideflow. Note that the FOPI data, obtained with heavier clusters,
were scaled down by a factor of 0.7 to remove the systematic difference with data
from light charged particles (see Figure 4). The dashed line is an extrapolation
from the AGS point, assuming the function〈px〉(y) to be the same at all energies.
A preliminary point from E895 (218) lies below this curve.

At CERN energies the data are much more sparse. The WA80 Collaboration
(219) has reported an azimuthal asymmetry in the target region, and recently
NA49 (220) has reported an effect in the second moment (a2 6= 0) measured
with the NA49 calorimeters in intermediate–impact-parameter events. This
very interesting result needs further analysis. The collaboration attempts to
see the effect reproduced via the analysis of the charged particles. Ollitrault
predicts asymmetry as a sign of directed flow in Pb+Pb collisions (221).

Measurement of directed flow is interesting primarily because (model depen-
dent) information about the equation of state of nuclear matter can be deduced.
Compared to lower energies, the models are not as sophisticated and complete.
Mean-field effects should be less important, but not negligible (222). UQMD
calculations (223) predict a steady increase of the directed flow between 1 and
4A GeV if calculated with normalized rapidity, which would translate into a
rather flat behavior in terms of values plotted in Figure 15. This does not agree
with the data point at 10A GeV.

The proton and pion flow measured by E877 (217) has been compared with
model calculations. ARC (72) calculations qualitatively agree with the data.
Peilert’s prediction for〈px/A〉 is lower than the data (224), whereas other
RQMD calculations (225) show better agreement, which seems to improve
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Figure 15 Sideflow excitation function for Au+Au.

by including mean-field effects (222, 226). In order to solve the question of
whether mean-field effects still play a role at this energy, much more precise
measurements (and detailed calculations) will be needed.

The second-moment effect in the azimuthal emission pattern can be used to
distinguish between different expansion scenarios (227). Especially the transi-
tion from out-of-plane emission to in-plane preferred emission can be used to
determine the strength of the early pressure (228).

The energy dependence of directed flow is expected to reveal changes that
hot and dense matter might undergo. An expected effect is that at around
1A GeV the equation of state will soften due to the onset of copious particle
and resonance production. New and exotic forms of matter should manifest
themselves in a similar way (229). Production of a quark-gluon plasma also
could lead to such effects. Hydrodynamic model calculations predict not only
a signature in the pion multiplicity (230), but also a dramatic effect on the value
of directed flow.
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Hung and Shuryak (231) argue that the softest point in the EoS could be used
as a way to find the QCD phase transition. Their hydrodynamic calculation
shows that at this point the lifetime of the system is longest, which leads to
other possible observables, e.g. by interferometry. Rischke has used an ideal
relativistic 3+1-dimensional hydrodynamic model to calculate the directed flow
for Au+Au collisions as a function of beam energy (232). With a hadron gas
EoS, flow steadily decreases from the maximum at 2A GeV up to about 100A
GeV. With a quark-gluon plasma EoS, the calculations predict an extended
mixed phase. As a result of this, the flow will stall or at least be drastically
reduced in the transition region. The flow value will have a well-pronounced
minimum and might even become zero. At higher energies it will increase again
until it reaches the hadron-gas value at around 100A GeV. Ideal hydrodynamics
predicts the minimum at 6AGeV, in the middle of the AGS energy range, but the
position of the minimum strongly depends on the model parameters, viscosity,
and the choice of initial conditions.

Since the onset of new phases or new and exotic forms of matter is reflected
in the equation of state, it is obvious that a study of the energy dependence of
directed flow is rather promising. The E895 Collaboration (EOS) at the AGS
(218) is bridging the gap between the highest AGS energy and the Bevalac/SIS
energy range with a very detailed study. It will be most interesting to see
those results. E895 should also be able to measure the transition of the second
moment from preferred out-of-plane emission to in-plane emission.

6.2 Radial Flow
At energies around 1A GeV there is good experimental evidence that the three-
dimensional collective expansion is in the form of radial (spherical) flow (148).
At higher energies such a shape is not very probable. Lorentz contraction alone
(10:1 at CERN energies) will lead to different expansion in longitudinal and
transverse directions. It is convenient to separate longitudinal and transverse
flow and to examine the experimental evidence and some of the theoretical
considerations. Ultimately, we expect that we will be able to come to a unified
description.

Longitudinal flow should manifest itself as a widening of the rapidity distri-
butions (233). However, there is no way to distinguish (from those distributions
alone) between longitudinal flow and partial transparency, known to be present
at those energies (17). For the heavier systems measured at the AGS and SPS,
the rapidity distributions tend to peak at mid-rapidity for protons and for pro-
duced particles (234–236). As an indication of the high density reached, micro-
scopic models have to include mechanisms that go beyond the assumption of
multiple binary hadron collisions with known cross sections in order to repro-
duce the peak at mid-rapidity (19). An analysis of the light systems measured
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at the AGS, with ideal-gas thermodynamics with chemical equilibrium and
strangeness conservation (237), gives a good fit to the rapidity distributions of
the produced particles with a longitudinal mean flow velocity〈βl 〉 = 0.52.

Transverse flow has been conjectured from the study of particle spectra. Until
recently, however, measurements have not been as complete and systematic as
at lower energies. What is missing is a wide range of masses of the observed
particles so that the mass dependence of the spectra can be analyzed.

The transverse-momentum spectra of hadrons measured in the early AGS
and CERN experiments (light ions) have been analyzed by Lee, Heinz, and
Schnedermann with an expanding fireball model (238). The authors find that
the multitudes of different spectra from many different reactions are compatible
with transverse flow on the order ofβt = 0.4 and a freeze-out temperature on
the order of 110 MeV. Schnedermann, Sollfrank, and Heinz later performed a
similar analysis (239) on the S+S data from CERN experiment NA35 (240).
Again, the thermal model is consistent with the data, when some form of lon-
gitudinal flow is included. The light system, however, does not allow any
conclusion about transverse flow.

The thermal analysis can be extended by including the assumption of chemi-
cal equilibrium and of a common chemical and thermal freeze-out (at the same
temperature). This is a way to remove the ambiguity between temperature and
flow velocity by fixing the temperature via the particle yields (237, 241).

A possibly clearer picture emerges from the analysis of the Pb+Pb data at
158A GeV. The NA44 Collaboration (235, 242) recently presented transverse
mass spectra of pions, kaons, and protons. In this case, the slope parameter of
the spectra clearly increased as a function of the particle mass. This behavior
can be described by the assumption of a common freeze-out temperature and a
common flow velocity. The temperature parameter seems to saturate at about
140 MeV (235) and the mean flow velocity reaches about 0.4. The E802 results
with light ions (243) and with Au+Au reactions (236) lead to very similar
conclusions.

An alternative view of the particle spectra measured by the CERN experi-
ments has been presented recently by Leonidov et al (244). The authors describe
the collisions by a superposition of isotropically decaying sources. The param-
eters are determined frompp andpA collisions. This leads to parameter-free
predictions for nuclear collisions. Such predictions are in good agreement with
the transverse mass spectra analyzed from Pb+Pb collisions (234). The au-
thors conclude that the single-particle spectra require neither collective flow
nor temperature increase (244). Other studies with an expanding source model
also conclude that the freeze-out temperature is quite low (245). This needs
extensive testing and comparison with all available data (235) before the issue
can be settled.
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Figure 16 Values for the temperature parameterT as a function of beam energy.

An interesting picture emerges at all energies: for the heavy systems, trans-
verse flow is an important part of the expansion dynamics. As a function of
beam energy, the mean flow velocity increases and reaches about 0.4 at AGS
energies. When extracted from the slope of the spectra, the apparent tempera-
ture gradually increases with energy as well and seems to saturate at around 140
MeV. This behavior is shown in Figure 16 (235, 246). It should be pointed out
that realistic temperature values that are the same for all particles can only be
obtained by taking collective expansion and resonance decay into account. The
apparent saturation of the temperature indicates that additional energy no longer
goes into heat, but rather into particle production. The question of whether or
not we are close to a critical temperature is very interesting.

The simple assumptions of hydrodynamics are questioned by microscopic
analyses. RQMD studies (226) indicate that the flow velocity of heavier par-
ticles is smaller than that of light particles. Also, the assumption of chemical
equilibrium might not be justified. Sequential particle emission and a compli-
cated freeze-out pattern are also the result of an analysis with a quark-gluon
string model (247).

It is interesting to compare the effects of directed and transverse flow. Di-
rected flow is established early on in the collision. It carries the memory of
the collision geometry and thus is expected to carry information about the hot
and dense state of the collision. Transverse flow, on the other hand, seems to
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be characteristic of the expansion phase. In that respect, the magnitude of
transverse flow is only one of the many quantities characterizing the freeze-out
state, like temperature, chemical potential, entropy, etc. Thus the magnitude
of the flow is very important in the attempt to reach a full thermodynamic or
even thermodynamic and hadro-chemical description of the collisions and the
freeze-out. The goal is to determine where the final state ends up in phase space
(19). Such a determination could exclude, for example, a purely pionic equation
of state in a hydrodynamical approach (248), or it could test, for example, if
the freeze-out point lies close to the phase boundary for quark-gluon plasma
formation (237, 241, 249).

7. SUMMARY AND OUTLOOK

The search for collective effects was a strong motivation for the early exper-
iments. Understanding those effects continues to be an important part of the
heavy-ion program. The appearance of collective effects can be taken as a sign
that relatively few constituents (up to about 400 baryons in Au+Au collisions)
reach a stage of high compression and high temperature. This is our only chance
to study strongly interacting matter in the laboratory.

Different forms of collective flow have been observed from the threshold at
low energies where the interplay between attractive and repulsive forces leads
to interesting observables up to CERN energies where a large part of the energy
available in the center-of-mass system is contained in radial flow.

In terms of energy, radial flow is the most prominent effect. Understanding
radial flow is essential to determine the freeze-out temperature and the chemical
properties of nuclear matter. The question of whether some form of equilibrium
is reached, the concept of a common temperature for all fragments, and a
common freeze-out will hold is far from being settled.

Sideflow has been studied in great detail. Its properties cannot (yet) be
uniquely coupled to the parameters of the EoS. In models it depends too much
on technical parameters and on the realistic description of the nucleus. We
need to understand the dependence of flow on the energy and the transition
from attractive to repulsive behavior. More experimental information on the
transfer of energy from participants to spectators is needed.

Out-of-plane emission is restricted to energies below 10A GeV. This in-
triguing dynamical effect can help in the study of the role of shadowing and
absorption. Out-of-plane emission seems to be quite sensitive to the EoS.

Hydrodynamic models have been used to make good qualitative predictions
in all energy domains. It is obvious that the role of nonlocal equilibrium, mo-
mentum dependence, and corona effects needs to be investigated. While it may
be interesting to describe the reaction with macroscopic concepts, it is essen-
tial to understand the processes microscopically. At energies below 1A GeV,
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semiclassical transport models have been successful in describing the experi-
mental observables. A long succession of experimental and theoretical progress
has shown us that flow effects depend in a complicated way not only on the
EoS but also on medium effects, and that a clean separation is very difficult.
Only a complete (full-event) and systematic comparison with all the experi-
mental observables will lead to more progress. Some studies seem to converge
towards a model-dependent, soft equation of state, but a more conclusive result
has to wait for more systematic comparisons over a large energy range. New
theoretical developments towards a fully relativistic description of collisions
and medium effects will help in this process. At the low-energy end, the role
of proper antisymmetrization of the fermionic matter component will also have
to be further explored.
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